A method for extracting the normal modes of acoustic propagation in the shallow ocean from sound recorded on a vertical line array ͑VLA͒ of hydrophones as a source travels nearby is presented. The mode extraction is accomplished by performing a singular value decomposition ͑SVD͒ of individual frequency components of the signal's temporally averaged, spatial cross-spectral density matrix. The SVD produces a matrix containing a mutually orthogonal set of basis functions, which are proportional to the depth-dependent normal modes, and a diagonal matrix containing the singular values, which are proportional to the modal source excitations and mode eigenvalues. The conditions under which the method is expected to work are found to be ͑1͒ sufficient depth sampling of the propagating modes by the VLA receivers; ͑2͒ sufficient source-VLA range sampling, and ͑3͒ sufficient range interval traversed by the source. The mode extraction method is applied to data from the Area Characterization Test II, conducted in September 1993 in the Hudson Canyon Area off the New Jersey coast. Modes are successfully extracted from cw tones recorded while ͑1͒ the source traveled along a range-independent track with constant bathymetry and ͑2͒ the source traveled up-slope with gradual changes in bathymetry. In addition, modes are successfully extracted at multiple frequencies from ambient noise.
I. INTRODUCTION
This paper investigates a method for determining the depth-dependent mode functions of underwater acoustic propagation using measurements on a vertical line array ͑VLA͒. The approach does not require any a priori information about the sound-speed profile in the water column or the geoacoustic profile of the bottom. The focus of this paper is on using a loud source of opportunity, such as a passing ship, to provide the data from which the mode functions are obtained.
Although we refer to the procedure just described as ''mode extraction,'' that term has also been used for the procedure of matching modeled mode shapes to measured data on a VLA to decompose the field into modal components ͑see, for example, Ref. 1͒. This method allows the different modal contributions to be identified and isolated, but it requires an estimate of the ocean's acoustic parameters to generate the modeled mode shapes. In contrast, the objective of the current method is to extract mode shapes from VLA data directly, with no a priori information.
The mode extraction technique explored here is similar to several other approaches that use an eigenvalue decomposition of a spatial cross-spectral density matrix C to obtain the depth-dependent mode functions. In Ref. 2 , a dominant source at a fixed range is assumed, C is formed by averaging the outer products of measured pressure spectra over multiple-frequency bins in a narrow band, and a requirement related to the temporal separation of the modal pulse arrivals is derived. In Refs. 3 and 4, ambient noise from the ocean surface is assumed, and C is formed by averaging over time.
In the present work, a dominant source traversing a significant range interval is assumed, C is formed by averaging over time, and a requirement related to the range interval is derived. 5 This approach was also used in Ref. 6 . The remainder of the paper is organized as follows. In Sec. II the required experimental setup, the theory of singular value decomposition ͑SVD͒, and its relationship to the expression for the pressure field as a sum over the depthdependent normal modes are presented. The requirements for the SVD of the pressure field to yield reliable depthdependent normal modes are examined, and the efficiency advantages of performing the SVD on the cross-spectral density matrix are then outlined. This is followed by a brief explanation of how the multiple-frequency and ambientnoise approaches are related to the current work.
Section III contains the results of mode extraction performed using experimental data taken in the Hudson Canyon area in September 1993. 7 Results are shown for mode extraction using data from a towed cw source. First, the results using data recorded along a range-independent source track are presented, followed by the results using data from a slightly range-dependent source track. Finally, the results of mode extraction using ambient noise recorded prior to the experiment are given. In the concluding section, Sec. IV, the mode extraction technique and results are summarized, and applications of the method are discussed.
II. THEORY: MODE EXTRACTION FROM VLA DATA
The experimental setup required for the mode extraction technique consists of a source moving outward in range in the vicinity of a vertical line array ͑VLA͒ of N Z hydrophones, as shown in Fig. 1͑a͒ . The sound pressure at each hydrophone is recorded over a time interval during which the source-receiver range is r 1 ,r 2 ,...,r N R , where N R is the total number of ranges. An equivalent experimental setup in a range-invariant environment consists of a stationary source in the vicinity of a moving VLA, as shown in Fig. 1͑b͒ . In both cases, the pressure time series is measured at each of the N Z receiver depths and at each of the N R source-receiver ranges. The frequency components of the time series are obtained by performing a fast Fourier transform ͑FFT͒. For an FFT integration time T w , the frequency bin spacing is ⌬ f ϭ1/T w . For each frequency component or bin, the FFT yields an N Z ϫN R complex matrix P
Pϭ
The elements of P may be written according to normalmode theory as
where n (z) are the orthonormal, depth-dependent mode functions. For the trapped modes, it is a good approximation that
where H is the depth of the half-space. 8 The expression for p(z i ,r j ) is used to demonstrate how a matrix operation called singular value decomposition ͑SVD͒ can yield the depth-dependent modes n (z). We first describe the general properties of the SVD and then explain how the SVD of the matrix P produces the depth-dependent modes.
A. Singular value decomposition
The SVD of an NϫM complex matrix A is
where † indicates the conjugate transpose of the matrix, S is a real diagonal matrix with elements in order from largest to smallest down the diagonal, and the columns of both U and V satisfy the orthonormality condition
͑5͒
where * indicates complex conjugation. Since S is diagonal, each element of A may be written as
͑6͒

B. The connection between the SVD and the normal modes
Recognizing the similarity between the orthonormality conditions of the modes in Eq. ͑3͒ and the singular vectors in Eq. ͑5͒, we express the pressure matrix P, defined by its elements in Eq. ͑2͒, as a product of matrices as in Eq. ͑4͒
where ⌽ , ⌳, and R are given by 
where factors of ͱN R and 1/ͱN R have been included in Eqs.
͑9͒ and ͑10͒, respectively, to reflect the size of the statistical ensemble. We now examine the conditions under which the mode decomposition matrices ⌽ , ⌳, and R correspond to the singular value decomposition matrices U, S, and V. In order for ⌽ in Eq. ͑8͒ to correspond to U of Eq. ͑4͒, the orthonormality condition given in Eq. ͑5͒ must hold:
͑11͒
where the notation ϭ ? indicates an approximate equality that
has not yet been demonstrated. The summation in Eq. ͑11͒ is a good approximation to the integral in Eq. ͑3͒ provided that ͑1͒ the mode functions are well sampled by the receivers in depth; ͑2͒ the density of the water is nearly constant; and ͑3͒ the possibly nonuniform depth sampling is accounted for by weighting each term of the summation in Eq. ͑11͒ by the average element spacing. Clearly, modes that have significant amplitudes in the bottom cannot be well sampled by a VLA in the water column. Therefore, the fields at short ranges, where bottompenetrating modes are significant, should not be used to form P in Eq. ͑1͒.
The matrix ⌳ in Eq. ͑9͒ corresponds to the matrix S in Eq. ͑4͒ because it is diagonal and predominantly real. The latter condition holds because, especially for the modes that propagate to fairly long ranges, Re(k n )ӷIm(k n ) and Re( n ) ӷIm( n ). Note that the diagonal elements of ⌳ are not necessarily in decreasing order but may be rearranged to be so as long as the corresponding columns of ⌽ and the rows of R are also rearranged. Because the values of ⌳ are proportional to the modal source excitation, the strongest propagating modes are found in the left-most columns of U.
An important point regarding the matrix S is that if two or more of the singular values in S are nearly equal, the corresponding singular vectors in U are not uniquely determined, 9 and, as a result, the desired depth-dependent modes are linear combinations of the columns of U. A good criterion for determining when extracted mode functions are not valid, developed by examining simulated data, is that those with adjacent singular values within 5%-10% of each other, when scaled by the largest singular value, can be degenerate, although many are well extracted. 10 Problems associated with close adjacent singular values are more likely to occur at higher frequencies because more modes are present in the waveguide, and hence there is a higher probability of two modes having close modal source excitations.
Finally, with regard to the third matrices of Eqs. ͑7͒ and ͑4͒, R of Eq. ͑10͒ must satisfy Eq. ͑5͒
͑12͒
In order for all the columns of P to be weighted equally, the following amplitude normalization is performed:
As a result, the loss factors and the relative source amplitudes are effectively removed from the field P. After the amplitude normalization, the orthonormality condition in Eq. ͑12͒ becomes
͑14͒
The number of revolutions the elements of the sum D nm complete in the complex plane is
where ⌬rϭr max Ϫr min is the range interval. The dependence of ͉D nm ͉ on n rot is illustrated in Fig. 2 . Details regarding the parameters used are given in the figure caption. It is clear from Fig. 2 that as n rot increases, the exponential terms in the summation, for n m, tend to cancel out, and the numerator of Eq. ͑14͒ is much less than the denominator N R . Thus, when n rot is large, the off-diagonal components of RR † are very small, and Eq. ͑14͒ holds approximately.
Guidelines have been developed, using simulated data, for selecting approximate source-VLA ranges that make Eq. ͑14͒ hold and thus optimize the performance of the mode FIG. 1. Plot ͑a͒ shows a source ͑solid dots͒ moving in the vicinity of a vertical line array ͑VLA͒ of hydrophones ͑circles͒. The source depth is z s , and the source to VLA ranges at successive times are r j , with j ϭ1,...,N R . The hydrophones on the VLA are at depths z i , with i ϭ1,...,N Z . Plot ͑b͒ illustrates an equivalent geometry in a range-invariant environment, namely a stationary source at depth z s ͑solid dot͒ with a moving VLA. The VLA is shown at different times, corresponding to the source-receiver ranges r j with jϭ1,...,N R . extraction technique. First, the range sampling dr should be sufficiently small that the field is sampled in range ͑or time͒ finely compared to the minimum interference distance, defined by the maximum difference in horizontal wave number
where C nm ϭ2/͉k m Ϫk n ͉ is the modal cycle distance. Second, the approximate range interval traversed by the source should be large compared to the maximum modal cycle distance
which means the elements of the sum in Eq. ͑14͒ complete a large number of revolutions in the complex plane. In shallow water, this condition is typically most difficult to achieve for neighboring low-order modes. Third, the number of significant propagating modes should be relatively constant over the range interval. In shallow water, the trapped modes often have exponentially decaying tails in the bottom and are attenuated as they travel from the source to the receivers. When the number of significant modes changes within the range interval, the form of P no longer fits that of the SVD, and the mode extraction is less successful. A constant number of propagating modes is a frequency-dependent condition that is more stringent for higher frequencies. Thus, a large range extent ⌬r and a small range ratio r max /r min is the ideal case because the same amount of relative modal attenuation occurs each time the range is doubled.
In summary, the optimum conditions for the SVD of P to result in a matrix U that corresponds to the depthdependent mode functions are ͑1͒ the receivers must sample the propagating modes sufficiently well in depth; ͑2͒ the range extent ⌬r must be sufficiently large and sampled finely; and ͑3͒ the number of propagating modes over the range interval needs to be fairly constant. An additional requirement is that the signal-to-noise ratio needs to be positive. Since no information about the source, such as depth, exact range, or relative phase is needed, the mode extraction can be performed using a source of opportunity such as a passing ship.
Although the modes can be extracted by performing an SVD on the N Z ϫN R pressure matrix P at each frequency, the efficiency of the calculation can be improved, since typically, N Z ӶN R , by using the cross-spectral density matrix C ϭPP † instead. The cross-spectral density matrix at each frequency is a square N Z ϫN Z matrix that may be obtained by range averaging the outer products of the depth-dependent fields p (r n )
Using the matrix representation of P in Eq. ͑7͒, C can be expressed as a product of three matrices
where RR † Ϸ1 when the conditions for orthonormality, discussed previously, are met. Therefore, the three matrices returned from an SVD of C can be identified as UϭVϭ⌽ and Sϭ⌳ 2 . Note that C is Hermitian, and, therefore, an SVD of C produces identical U and V matrices. In addition, the number of VLA receivers N Z must be at least as large as the number of propagating modes that contribute significantly to the field.
C. Additional configurations for mode extraction
The argument has been presented that a source traversing a sufficiently large range extent produces a pressure matrix P on a VLA that can be expressed as the product of three matrices that satisfy the same conditions as the matrices obtained from the singular value decomposition. Two other source-receiver configurations have been shown to lead to a pressure matrix that can be similarly decomposed. The requirement for successful mode extraction in each case is that the third matrix in a matrix representation of P ͓see Eq. ͑7͔͒ be approximately orthonormal ͓RR † Ϸ1͔. When this condition holds, the spatial cross-spectral density matrix C reduces to the expression in Eq. ͑19͒, and the SVD of C yields the mode functions. Brief derivations of the two other approaches are given below.
Single range and multiple frequencies
In Ref. 2, the pressure field in a narrow frequency band B at a single source-VLA range r o is used to construct an N Z ϫN F pressure matrix P versus depth and frequency bin. The elements of P are expressed, similar to Eq. ͑2͒, as
where the mode functions n (z), which in reality depend weakly on frequency, are assumed constant over the bandwidth in order to perform the following decomposition. P can be expressed as the product of three matrices, as in Eq. ͑7͒
Dependence of ͉D nm ͉ from Eq. ͑14͒ on n rot from Eq. ͑15͒. In constructing the plot, r min was taken to be 6 km and r max was varied from 6 -14 km, causing n rot to increase from 0 to 9.2. The value Re(k n Ϫk m )ϭ0.0072 was taken to be the minimum eigenvalue separation for 200-Hz propagation in the ACT-II environment examined in Sec. III.
where ⌽ is given by Eq. ͑8͒, ⌳ f is a real, diagonal matrix, and the elements of F are
The orthonormality condition, FF † Ϸ1, equivalent to Eq. ͑14͒, is
͑23͒
For this configuration n rot , equivalent to Eq. ͑15͒, is given by
where f min and f max are the minimum and maximum frequency of the band. As illustrated in Fig. 2 , the matrix F is approximately orthonormal when n rot is large. To obtain the physical condition that corresponds to large values of n rot , both sides of Eq. ͑24͒ are divided by the bandwidth B
ͬ .
͑25͒
For sufficiently small bandwidth, Eq. ͑25͒ reduces to
͑26͒
where v n ϭ2d f /dk n is the modal group velocity. In terms of modal travel times, n ϭr o /v n , n rot may be expressed as
Since a pulse of bandwidth B has a nominal duration of 1/B, Eq. ͑27͒ implies that n rot Ͼ1 when the modal arrivals are temporally resolved.
Uncorrelated sources
In Ref. 3 , it is stated that a sheet of uncorrelated, uniformly distributed sources near the ocean surface also produces a pressure matrix that can be expressed as a product of three matrices similar to Eq. ͑7͒. For this ambient noise case, the elements of the pressure matrix are the same as those in Eq. ͑2͒ except the range r j corresponds to the range from the VLA to source j ͑see Chap. 9, Sec. 2.4 of Ref. 11͒. Arguments equivalent to those already presented lead to the conclusion that if the uncorrelated sources are distributed finely enough over a sufficiently large range interval, then the matrix analogous to R in Eq. ͑10͒ satisfies RR † Ϸ1, and the SVD of P yields the depth-dependent modes.
There are inherent advantages and limitations to using either ambient noise sources or a traveling source of opportunity for the mode extraction. One apparent advantage of using ambient noise is that P may be constructed using a relatively short time period, during which the sound-speed profile is likely to be constant. When using a traveling source, P must be constructed using a time period that is sufficiently large for the source to traverse the required range extent, during which the sound-speed profile could fluctuate. On the other hand, a possible limiting factor in using ambient noise for the mode extraction is that the sources are likely to be distributed at all ranges. The presence of the short-range sources can lead to difficulty in the mode extraction, as described above, because the number of propagating modes may vary significantly. The shorter ranges can be more easily excluded when using a traveling source.
III. APPLICATION OF THE MODE EXTRACTION METHOD TO THE ACT-II DATA
The mode extraction method is now applied to experimental data. In this section, the Area Characterization Test II ͑ACT-II͒ and the data sets used for mode extraction are described. Examples of modes extracted from the data at the frequencies of a towed cw source while the ship traveled along ͑1͒ a constant-bathymetry ͑range-independent͒ track and ͑2͒ an up-slope ͑range-dependent͒ track are given. Results of mode extraction using ambient noise recorded on the VLA are also presented.
A. Source-receiver geometry
The ACT-II experiment was conducted in September 1993 in the Hudson Canyon area of the New Jersey Shelf. Mode extraction is performed using data obtained during run TL2 at a location called the AMCOR site, named after the nearby AMCOR 6010 borehole. [12] [13] [14] An illustration of the first two legs of run TL2 is given in Fig. 3 . Leg 1 lies along a region of basically constant bathymetry; leg 2 lies upslope.
The VLA, indicated by the X in Fig. 3 , consists of 20 vertical elements, 19 of which were connected to the SEACAL recording system. The interelement spacing and relative distance of each element from the ocean bottom are shown in Fig. 4 . The water depth is approximately 73 m. The receivers are concentrated in the lower half of the water column, where the spacing is 1.905 m. The receiver spacing near the top of the water column is 7.62 m. The sparseness of the receivers in the upper part of the water column is not optimal for the mode extraction technique.
Data from the first two source tracks of run TL2 are used for mode extraction: ͑1͒ a range-independent leg ͑constant bathymetry͒ during which the ship traveled from a source- VLA range of 22 km towards the array with a true bearing angle of 37 deg and a minimum source-VLA range of 1 km; and ͑2͒ a range-dependent leg ͑up-slope͒ during which the ship traveled out to a maximum source-VLA distance of 18 km with a true bearing of 310 deg. A J15-3 source projector emitted cw tones that were pulsed cyclically ͑see Ref. 7, Sec. 5.0͒ and was towed at a depth of 36 m.
B. The ocean environment
During the ACT-II experiment many sound-speed profiles were measured using conductivity-temperature-density casts ͑CTDs͒ and expendable bathy-thermograms ͑XBTs͒. Examples of the measured profiles are shown in Fig. 4 ; a more complete set may be found in Ref. 15 .
Descriptions of the ocean bottom in the Hudson Canyon area are available from other experiments that have been performed in the area. 16 A borehole known as AMCOR 6010 was drilled in 1976, 12 and seismic surveying was performed in the area. 17, 18 Geoacoustic profile values for the first 50 m of the ocean bottom from Ref. 15 , with attenuation factors from Ref. 16 , are listed in Table I .
C. Modes extracted from a range-independent track
Modes extracted using data from the middle of leg 1 of run TL2 are now presented. The results of mode extraction at 100, 150, and 200 Hz using data recorded from 0315 to 0420 Z, with T w ϭ0.63 s, corresponding to approximate source-VLA ranges of 14 to 6 km are shown in Figs. 5-7 . This range interval is labeled section A in Fig. 3 and is sufficiently large to satisfy the range requirement as illustrated in Fig. 2 . The mode extraction technique works best at lower frequencies when the number of propagating modes is relatively small. However, to test the limits of the method and develop additional criteria, the results of mode extraction at 300, 400, and 500 Hz are shown in Figs. 8 -10 . To obtain the best results at the higher frequencies, a larger coherent integration time, T w ϭ1.26 s, is used to take advantage of the longer pulse duration and thus increase the SNR. Many of the low-order modes are well extracted, but, unfortunately, the high-order modes are not well sampled by the VLA in the upper part of the water column. The order of the wellextracted modes again agrees well with the source depth of 36 m. It is evident from part ͑b͒ of Figs. 8 -10 that the probability that extracted modes are degenerate because of close singular values increases with frequency. If an approximate water depth is known, the degenerate modes can be identified as those that bear no resemblance to the modeled mode shapes ͑see, for example, extracted modes 7 and 8 at 400 Hz in Fig. 9͒ . In summary, mode extraction from a range-independent leg of the ACT-II experiment is quite successful and exhibits characteristics consistent with our theoretical development: the modes are extracted better at the lower frequencies; the higher-order modes cannot be well extracted unless they are well sampled in depth; and the source depth primarily determines the order of the extracted modes.
D. Modes extracted from a range-dependent track
Although the mode extraction technique was developed for a range-independent environment in Sec. II, we now show that the mode extraction also works for a mildly rangedependent environment. Using the adiabatic approximation, which assumes that the modes do not couple in a weakly range-dependent environment, the expression for the spectral components of the pressure field at a depth z and range r from a source as a sum over normal modes ͓see Eq. ͑2͔͒ becomes p͑z,r ͒ϭ
͑28͒
During leg 2 of run TL2, the ship traveled away from the VLA along an up-slope track. The change in water depth was approximately 12 m over 18 km. The results of mode extraction at the low frequencies using data taken from the middle of leg 2 are shown in Fig. 11 . Specifically, data recorded from 0620 to 0740 Z, which correspond to approximate ranges of 6 to 15 km and are shown as section B in Fig.  3 , are used. The modes are extracted well. Note that the order of the extracted modes in part ͑a͒ of Figs. 5-7 is different than the order in Fig. 11 . In particular, mode 1, which has larger amplitude at lower depths, appears earlier in the columns of U at all three frequencies in Fig. 11 , indicating a deeper effective source depth. The deeper effective source depth is reasonable because the mode shapes elongate as they travel down-slope from the ship to the VLA. In Ref. 19 , a deeper effective source depth caused by adiabatic mode propagation is referred to as a ''mirage.'' Thus, the mode extraction technique does work for a range-dependent environment as long as the changes in range occur slowly enough or far enough from the VLA for the mode shapes to adapt to the environment at the VLA.
E. Modes extracted from ambient noise
Modes extracted using data recorded on the VLA from 0200 to 0210 Z, day 261 are now shown. During this time, the ship was at least 22 km from the VLA and the source for the cw tones was not yet on. The signal processing is performed using a coherent integration time of T w ϭ0.16 s and a 50% overlap. The frequency bin size corresponding to this integration time is 6.4 Hz; thus, the data are averaged over a 6.4-Hz frequency band during the Fourier transform. This resulted in 7420 time samples over the 10-min time interval that was used to form the cross-spectral density matrix. Figure 12 shows the first five modes extracted from the resulting cross-spectral density matrix at ͑a͒ 120 Hz; ͑b͒ 250 Hz; and ͑c͒ 350 Hz. Many of the extracted modes have excellent correlation with the modes modeled using the soundspeed profile from an XBT measurement taken at 0212 Z.
The order of the extracted modes gives an approximate value for the effective source depth of the ambient noise. The primary extracted modes all have larger amplitudes at depths of less than 10 m than the modes that appear in subsequent columns of U. Thus, the effective source depth for the ambient noise implied from the mode extraction is less than 10 m. A shallow source depth for the ambient noise is logical because the sound recorded during the time interval 0200 to 0210 Z was most likely associated with surface noise.
IV. SUMMARY
In this paper we have presented an approach for extracting mode functions from data measured on a vertical line array and applied the method successfully to experimental data. The mode extraction technique is predicted to work well if the VLA samples the water column well and if either a single source covers a sufficient range extent or a large number of uncorrelated sources produce the field, as in the case of ambient noise from the ocean surface. In the singlesource case, the acoustic source need not be controlled: its depth, the phase of its tonals, and its precise track do not need to be known. Also, the ocean environment need not be known.
The mode extraction technique was applied to the ACT-II data set. Despite the relative sparseness of the array near the top of the water column, depth-dependent normal modes were successfully extracted using data acquired in both range-independent and slightly range-dependent environments. Modes were also successfully extracted from ambient noise.
Depth-dependent modes obtained using this mode extraction technique may be used as inputs for additional data analysis. For example, in Ref. 20 , the data-extracted modes may be used in environmental inversions to obtain properties of the upper sediment layer. In Ref. 6 , depth-dependent mode functions and horizontal wave numbers are calculated using a VLA that partially spans the water column, and the resulting data-derived modes and wave numbers are used in matched-field processing. 
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